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QUASI-RIGIDITY OF HYPERBOLIC 3-MANIFOLDS AND
SCATTERING THEORY
DAVID BORTHWICK, ALAN MCRAE, AND EDWARD C. TAYLOR
Abstract. Suppose Γ1 and Γ2 are two convex co-compact co-infinite
volume discrete subgroups of PSL(2,C), so that there exists a C∞
diffeomorphism ψ : Ω(Γ1)/Γ1 → Ω(Γ2)/Γ2 that induces an isomorphism
φ : Γ1 → Γ2. For fixed s ∈ C, let Si(s) be the scattering operator on
Ω(Γi)/Γi (i = 1, 2). Define Srel(s) = S1(s)− ψ
∗S2(s), where ψ
∗S2(s) is
the pull-back of S2(s) to an operator acting on the appropriate complex
line bundle over Ω(Γ1)/Γ1. Our main result is: if the operator norm of
Srel(s) is ǫ-small, then the Γi are K(ǫ)-quasi-conformally conjugate and
the dilatation K(ǫ) decreases to 1 as ǫ decreases to 0.
1. Statement of Results
Geometrically finite Kleinian groups uniformizing infinite volume hyper-
bolic 3-manifolds exhibit a rich deformation theory due to work of Ahlfors,
Bers, Kra, Marden, Maskit, Thurston and others. The purpose of this note
is to introduce scattering theory as an analytic tool in the study of the defor-
mations of complete geometrically finite hyperbolic structures. The results
in this paper are restricted to a sub-class of geometrically finite Kleinian
groups called convex co-compact groups, i.e. those containing no parabolic
subgroups.
Assume that Γ is a convex co-compact, torsion-free Kleinian group with
non-empty regular set Ω(Γ) (see Section 2 for definitions). The compact
(possibly disconnected) quotient surface Ω(Γ)/Γ is the conformal boundary
at infinity of the hyperbolic 3-manifold M(Γ) = H3/Γ. To the Laplacian
∆ on M(Γ) we can associate a scattering operator acting on sections of
certain complex line bundles over the conformal boundary Ω(Γ)/Γ. These
sections are most conveniently described as automorphic forms on Ω(Γ).
For a complex parameter s, let Fs(Γ) be the space of automorphic forms of
weight s on Ω(Γ) (see Section 3 for the definition). The scattering operator
S(s) is a pseudodifferential operator [10] with known singularity mapping
F2−s(Γ) → Fs(Γ). For Re s = 1 we have a natural L
2 inner product on
Fs(Γ), so we can complete these spaces to form Hilbert spaces.
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Now take two convex co-compact, torsion-free Kleinian groups Γi=1,2,
with Ω(Γi=1,2) 6= ∅. Assume there exists an orientation-preserving diffeo-
morphism ψ : Ω(Γ1) → Ω(Γ2) that induces an isomorphism φ : Γ1 → Γ2.
Denote by S2(s) the scattering operator acting on sections over Ω(Γ2)/Γ2.
Recall the diffeomorphism ψ descends to a diffeomorphism ψ : Ω(Γ1)/Γ1 →
Ω(Γ2)/Γ2. Thus we can pull S2(s) back, via the diffeomorphism ψ, to an
operator taking acting on sections over Ω(Γ1)/Γ1. Denote this pull-back
of S2 by ψ
∗S2(s). Perry [17] shows that if for some Re s = 1, s 6= 1, the
operator
Srel(s) = S1(s)− ψ
∗S2(s)
is trace-class with respect to the Hilbert space completions of F2−s(Γ1)
and Fs(Γ1), then Srel(s) = 0 and the diffeomorphism is actually a Mo¨bius
transformation, i.e. the manifolds M(Γi) = H
3/Γi are isometric.
Our results show that the size of the operator Srel(s) detects how close to
being isometric the quotient manifolds are. Recall that the deformation the-
ory of Kleinian groups is based on the notion of quasi-conformal conjugacy
(see section 2). Our main result is:
Main Theorem: Suppose Γi=1,2 are convex co-compact, torsion-free Klein-
ian groups so that M(Γi=1,2) has infinite hyperbolic volume. Let
ψ : Ω(Γ1)→ Ω(Γ2)
be an orientation-preserving C∞-diffeomorphism conjugating Γ1 to Γ2. Fix
s ∈ C : Re(s) = 1, s 6= 1 and let ǫ > 0. There is K(ǫ) > 1 so that
‖Srel(s)‖ < ǫ implies that Γ2 is a K(ǫ)-quasi-conformal deformation of Γ1,
where K(ǫ)→ 1 as ǫ→ 0.
The norm ‖ · ‖ in the Theorem is the operator norm for the L2 space of
sections. Independently, Douady-Earle [8], Reimann [18] and Thurston [19]
have shown that each K-quasi-conformal deformation of a Kleinian group
can be extended to an equivariant K˜-quasi-isometry of H3, where K˜ → 1 as
K → 1. Thus the Main Theorem says that if Srel(s) is small in the operator
norm, thenM(Γ1) is “nearly isometric” toM(Γ2). In particular, Srel(s) = 0
implies that M(Γ1) is isometric to M(Γ2) (a fact which was contained in
Perry’s result [17]).
The plan for this paper is as follows: Section 2 and and Section 3 discuss
respectively the basics of Kleinian group theory and scattering theory we
will be using. Section 4 contains the proof of the Main Theorem, as well as
various remarks and conjectures.
Acknowledgements: The authors would like to thank Peter Perry for
explaining the contents of [17] to the third author while Professor Perry
was visiting the SUNY-Stony Brook during the Spring of 1993. We are also
indebted to Richard Canary of the University of Michigan for helpful and
enjoyable conversations on the contents of this paper.
32. Kleinian Group Basics
We will work interchangeably in both the upper half space model and the
ball model of hyperbolic 3-space; both are denoted by H3 and the distance
between x, y ∈ H3 is given by ρ(x, y). Let Isom+(H
3) denote the group
of orientation-preserving isometries of hyperbolic 3-space H3 endowed with
the compact-open topology. A Kleinian group Γ is a discrete subgroup of
Isom+(H
3). Recall that Isom+(H
3) has a natural identification with the
space of Mo¨bius transformations Mo¨b(2)
{g(z) =
az + b
cz + d
: a, b, c, d ∈ C, ad− bc = 1}.
Thus Γ acts on the Riemann sphere Cˆ = C ∪ {∞} as a group of conformal
homeomorphisms. This action partitions Cˆ into two disjoint sets: the limit
set and the regular set. Suppose that there is a point z ∈ Cˆ and a neigh-
borhood U of z, so that γ(U) ∩ U = ∅ for all γ ∈ Γ− {id}. The regular set
of Γ, denoted by Ω(Γ), is the (possibly empty) maximal collection of these
points. The limit set LΓ is the complement of the regular set in Cˆ. The
reader is referred to [13] for a discussion of the fundamentals in the theory
of Kleinian groups.
Every Kleinian group Γ acts discontinuously on H3, and there is a natural
geometric model for this action. Choose a point 0 ∈ H3 not fixed by any
non-trivial element of Γ. The Dirichlet polyhedron based at 0 is the set
P0(Γ) = {x ∈ H
3 : ρ(x, 0) ≤ ρ(x, γ(0)) ∀γ ∈ Γ}.
The intersection of the Euclidean closure of P0(Γ) with ∂H
3 = Cˆ is a fun-
damental domain DΓ for the action of Γ. We can form the quotient Ω(Γ)/Γ.
If Γ is finitely generated, then by the Ahlfors Finiteness Theorem [1] we
can conclude that Ω(Γ)/Γ consists of a finite collection of Riemann surfaces,
each of finite type (i.e. each has finite genus and at most a finite number of
punctures).
A Kleinian group is geometrically finite if its action on H3 admits a finite-
sided Dirichlet polyhedron. We define Γ to be convex co-compact if P0(Γ)
is finite-sided, and the Euclidean closure of P0(Γ) ∩ Cˆ is bounded away
(in the chordal metric) from LΓ. Specifically, in the case that Γ is convex
co-compact, torsion-free and Ω(Γ) 6= ∅, then M(Γ) = (H3 ∪ Ω(Γ))/Γ is
a compact 3-manifold. The interior of the M(Γ) has a complete infinite
volume hyperbolic structure, and the conformal boundary at infinity Ω(Γ)/Γ
consists of a finite collection of compact Riemann surfaces. The compactness
of Ω(Γ)/Γ is a key assumption in this paper.
Geometrically finite Kleinian groups with non-empty regular sets admit
a space of deformations of at least 1 complex dimension via the theory of
quasi-conformal mappings (see [5]). Suppose f : Cˆ→ Cˆ is a quasi-conformal
automorphism. The Beltrami coefficient µ of f is an element in the unit open
ball in the complex Banach space L∞(C) of equivalence classes of bounded
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measurable functions defined by the condition
∂f
∂z
= µ
∂f
∂z
(2.1)
a.e. in C (here ∂f∂z and
∂f
∂z are generalized derivatives). The dilatation of f is
defined to be K(f) = 1+||µ||∞1−||µ||∞ . Geometrically a K-qc map has the property
that it takes infinetesimal circles to infinitesimal ellipses, such that the ratio
of the major to minor axises of the ellipses is bounded above by K. A fun-
damental result of Ahlfors-Bers [3] says that for any µ ∈ L∞(C) : ||µ||∞ < 1
there exists a unique quasi-conformal automorphism of the Riemann sphere
ωµ fixing the points {0, 1,∞}, and every quasi-conformal automorphism f
with Beltrami coefficient µ is of the form f = α ◦ ωµ : α ∈Mo¨b(2).
Let Γ be a finitely generated Kleinian group. A quasi-conformal automor-
phism f : Cˆ→ Cˆ that satisfies fΓf−1 ⊂Mo¨b(2) is called a quasi-conformal
deformation of Γ . Note that if wµ induces a quasi-conformal deformation of
Γ and Γ
′
= wµ ◦Γ◦ (wµ)−1, then it is easy to check that wµ : Ω(Γ)→ Ω(Γ
′
),
and hence wµ : LΓ → LΓ′ .
Now let ψ be a diffeomorphism Ω(Γ1) → Ω(Γ2) as in Section 1. To
extend the mapping ψ to a mapping of the whole Riemann sphere we will
use a foundational result from the theory of Kleinian groups. The following
is the version of the Marden Isomorphism Theorem [12] we will use for this
purpose. In the statement, H
3
denotes the closed 3-ball.
Theorem 2.1. Suppose Γ1 and Γ2 are Kleinian groups such that Γ1 is con-
vex co-compact and there exists an orientation-preserving diffeomorphism
ψ : Ω(Γ1)→ Ω(Γ2)
which induces an isomorphism φ : Γ1 → Γ2. Then ψ can be extended to a
quasiconformal homeomorphism ψ˜ of the closed ball H
3
, also inducing φ.
3. Scattering theory
Scattering theory for the Laplacian can be thought of as a functional
parametrization of the continuous spectrum according to the asymptotic
behavior of eigenfunctions at infinity. The interpretation as scattering ap-
pears when one translates eigenfunctions into solutions of either the wave
equation or the Schro¨dinger equation. Given a choice of incoming solution
to one of these equations (defined asymptotically), the scattering operator
provides the corresponding outgoing solution. Thus it contains all the in-
formation that can be detected asymptotically on the propagation of waves
through the interior of the manifold.
Scattering theory can be studied on complete Riemannian manifolds with
certain regular structure at infinity (see [14] for details and references). In
our case, the regularity condition is that in a neighborhood of the conformal
boundary at infinity the metric has the standard form (dx2+dt2)/t2, (x, t) ∈
5R2 × R+. This is the reason for the requirement that Γ be convex co-
compact, which disallows cusps. We hope to extend our results to hyperbolic
3-manifolds with cusps in the future.
The limiting behavior at infinity of eigenfunctions of the Laplacian on
M(Γ) = H3/Γ is described by sections of complex line bundles on the con-
formal boundary. In particular, different line bundles over Ω(Γ)/Γ describe
incoming and outgoing solutions of the wave equation. We define these line
bundles by their spaces of sections, using automorphic forms. An automor-
phic form of weight s ∈ C on Ω(Γ) is a function f ∈ C∞(Ω(Γ)) such that
f(γ(x))|γ′(x)|s = f(x), ∀γ ∈ Γ.
Here |γ′(x)| is the conformal dilation of the Mo¨bius transformation γ at
x ∈ Cˆ. Denote by Fs(Γ) the space of all such forms. Each Fs(Γ) corresponds
to the space of smooth sections of a complex line bundle over Ω(Γ)/Γ.
The scattering operator S(s) maps F2−s(Γ) to Fs(Γ). Its Schwartz kernel
can be written as a series,
S(s;x, y) =
∑
γ∈Γ
|γ′(x)|s
|γ(x) − y|2s
, (3.1)
which converges at least for Re s > 2. Note that S(s;x, ·) has weight s, so
that
S(s)f(x) =
∫
DΓ
S(s;x, y)f(y)dy, (3.2)
is well-defined for f of weight 2− s, where DΓ is any choice of fundamental
domain for the action of Γ on Ω(Γ). Since S(s; ·, y) is of weight s as well,
the scattering operator maps weight 2− s into weight s as claimed.
An automorphic form of weight 2 is a density, so we have a natural pairing
of F2−s(Γ) with Fs(Γ). For Re s = 1 complex conjugatation takes forms of
weight s to forms of weight 2− s, so this pairing gives an inner product on
Fs(Γ), Re s = 1:
〈f, g〉 =
∫
DΓ
f(x)g(x)dx.
Accordingly we define the Hilbert space Hσ(Γ) to be the completion in this
inner product of F1+iσ(Γ).
Of course, the series given in (3.1) does not necessarily converge for Re s =
1, the region of interest. Fortunately, we have the following set of results.
Theorem 3.1. (Mazzeo-Melrose [11], Mandouvalos [10], Perry [16])
Suppose that Γ is a convex co-compact co-infinite volume discrete subgroup of
PSL(2,C). Let S(s) be the scattering operator mapping F2−s(Γ) to Fs(Γ),
defined by (3.1) for Re s > 2.
1. S(s) has a meromorphic continuation to s ∈ C, with no poles for
Re s = 1, s 6= 1.
2. S(s) is an elliptic pseudodifferential operator of order 2− 2Re s.
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3. In a disk D ⊂ Ω(Γ), we can write
S(s;x, y) =
1
|x− y|2s
+ φ(s;x, y), for x, y ∈ D
where φ is smooth in x, y and meromorphic in s. For x and y lying
in distinct neighborhoods, we have simply that S(s;x, y) is smooth in
x and y.
Remarks
1. These results are obtained by studying the scattering kernel as an
asymptotic limit of the resolvent kernel of the Laplacian on M(Γ).
After showing in this way that S(s) is an elliptic pseudodifferential
operator for Re s ≥ 1, a parametrix is constructed and used along with
a functional relation S(2− s)S(s) = I to obtain the continuation.
2. Note that for Re s = 1, S(s) is a zeroth-order operator. Since the con-
formal boundary is compact, S(1+ iσ) extends to a bounded operator
on H−σ(Γ)→ Hσ(Γ).
3. The third property, which is crucial for our result, says that the princi-
pal symbol of the scattering operator for M(Γ) is the same as for H3,
and in particular independent of Γ.
4. Proof of the Main Theorem
Recall the setting described in Section 1. Γ1 and Γ2 are two convex
co-compact, torsion-free Kleinian groups with non-empty domains of dis-
continuity Ω(Γi). For convenience, we’ll conjugate Γ1 so that 0 ∈ Ω(Γ1),
and choose a fundamental domain DΓ1 for the action of Γ1 on Ω(Γ1) so that
0 ∈ DΓ1 .
Now assume that there exists an orientation-preserving diffeomorphism
ψ : Ω(Γ1)→ Ω(Γ2) which induces an isomorphism of Γ1 and Γ2. It is easy to
check that under these conditions the diffeomorphism ψ induces a bijection
ψ∗ : Fs(Γ2)→ Fs(Γ1), given by
ψ∗f(x) = (detDψ(x))s/2(f ◦ ψ)(x),
where detD(ψ(x)) is the Jacobian determinant of the mapping ψ (see Perry
[17] section 2).
Let Sj(s), j = 1, 2, denote the scattering operators associated to the two
groups. We can use ψ∗ to define a pullback the scattering operator S2(s) to
an operator ψ∗S2(s) : F2−s(Γ1) → Fs(Γ1). Thus we can define the relative
scattering operator
Srel(s) = S1(s)− ψ
∗S2(s),
which we regard by extension as an operator H−σ(Γ1) → Hσ(Γ), for s =
1 + iσ.
Our first task is to prove:
7Theorem 4.1. For Re s = 1, s 6= 1, ǫ > 0 there exists a number δs(ǫ) such
that
‖Srel(s)‖ < ǫ =⇒ ψ is (1 + δs(ǫ))-quasiconformal on Ω(Γ1),
where ‖·‖ is the operator norm on L(H−σ(Γ1),Hσ(Γ1)). We will also observe
that as ǫ ↓ 0, δs(ǫ) = Cǫ+O(ǫ
2), where C is a constant independent of s.
Proof. Fix s = 1 + iσ. The proof is by contradiction: we assume that ψ is
not (1+δ)-quasiconformal at some point and derive from this a lower bound
(a function of δ) on ‖Srel(s)‖. We then invert this function to obtain δ(ǫ).
Without loss of generality, assume that ψ fails to be (1+δ)-quasiconformal
at 0 ∈ Ω(Γ1). We can in fact assume this holds true in a neighborhood
|x| < a for some a > 0. In the course of the proof we will neglect small a
error terms, and the final bound will be shown independent of a.
The principal symbol of S1(s) is
a0(x, ξ) = cσ |ξ|
2iσ ,
where cσ is a contant with |cσ| = 1/(2σ). The principal symbol of the
pullback ψ∗S2(s) is
a′0(x, ξ) = cσ |A(x)ξ|
2iσ .
where A(x) is the Jacobian determinant times the inverse of the Jacobian
matrix:
A(x) =
√
detDψ(x) · (Dψ(x))−1
(note detA(x) = 1).
Noting that ‖Srel‖
2 = ‖S∗relSrel‖, we proceed by analyzing the oeprator
B = 2σ2Srel(s)
∗Srel(s) The principal symbol of B is thus
b0(x, ξ) = 1− cos
(
σ ln
|A(x)ξ|2
|ξ|2
)
.
Let B0 be the pseudodifferential operator with total symbol b0(x, ξ), so that
B = B0 +B1 where B1 is of order −1.
Denote by λ(x) and 1/λ(x) be the two eigenvalues of A(x)tA(x). We next
quote a standard fact relating the quasi-conformal factor to the size of λ (see
[20], for example).
Lemma 4.2. With λ(x) defined as above, the diffeomorphism ψ is K-quasi-
conformal if and only if K = supλ(x).
As outlined above, we assume that ψ is not (1 + δ)-quasiconformal in
a neighborhood {|x| < a} ⊂ Ω(Γ1). We also assume that {|x| < a} ⊂
DΓ1 . Our hypothesis for the proof by contradiction thus amounts to the
assumption that λ(x) > 1 + δ for all |x| < a.
The lower bound on ‖Srel‖ is obtained from this assumption by probing
with particular L2 states. The first serves to localize near x = 0, and is
defined in DΓ1 by
φ1(x) =
C1
a
Θ(a− |x|),
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where Θ is the step function and C1 is a constant chosen so that ‖φ1‖ = 1.
For the second, we would like to choose
φ2(x) =
C2
a
e−|x|
2/2a2 , (4.1)
where ξ0 is fixed, so that
φˆ2(ξ) = C
′
2ae
−a2|ξ|2/2. (4.2)
But as this does not give a smooth section, we must multiply the φ2 given in
(4.1) by a smooth cutoff of φ2 near the boundary of DΓ1 . This produces an
error term in the φˆ2 given in (4.2), which is uniformly O(a
∞) and decreases
rapidly in ξ. Thus we may safely neglect this error by choosing a sufficiently
small.
Observe that |〈Srel(s)φ1, Srel(s)φ2〉| ≤ ‖Srel(s)‖
2. Recalling that B0 +
B1 = 2σ
2Srel(s)
∗Srel(s), this means
‖Srel(s)‖
2 ≥
1
2σ2
〈φ1, (B0 +B1)φ2)〉 (4.3)
Using the fact that B1 is of order −1 it is straightforward to produce a
bound
‖B1φ2‖ ≤ Ca,
reflecting the fact that φˆ2 spreads out as a becomes small. Since a can be
made arbitrarily small, this combines with (4.3) to give us
‖Srel(s)‖
2 ≥
1
2σ2
|〈φ1, B0φ2〉|
For ease of exposition in the following integral formulas, let D = DΓ1 . We
proceed from the explicit formula
〈φ1, Bφ2〉 =
∫ ∫
D
φ1(x)b0(x, ξ)e
ix·ξφˆ2(ξ) dx dξ
Writing ξ = rη where |η| = 1
〈φ1, Bφ2〉 = C
∫ ∫
D
Θ(a− |x|)b0(x, η)re
ir(x·η)e−a
2r2/2 dx dr dη.
Noting that |〈φ1, Bφ2〉| ≥ |Re〈φ1, Bφ2〉|, consider
Re〈φ1, Bφ2〉 = C
∫ ∫
D
Θ(a− |x|)b0(x, η)r cos(rx · η)e
−a2r2/2 dx dr dη.
We extract that r integral:∫ ∞
0
r cos(rx · η)e−a
2r2/2 dr = C
1
a2
∫ ∞
0
r cos
(
r
x · η
a
)
e−r
2/2 dr.
Since (x · η) ≤ a, we have∫ ∞
0
r cos
(
r
x · η
a
)
e−r
2/2 dr ≥
1
4
,
so that
|〈φ1, Bφ2〉| ≥ C
1
a2
∫ ∫
D
Θ(a− |x|)b0(x, ξ) dx dη.
9Now consider the η integration. By an appropriate change of variables
we can write |A(x)η|2 = λ(x) cos2 θ + λ(x)−1 sin2 θ and dη = dθ. One can
check that as a function of λ > 1, the integral
fσ(λ) =
∫ 2pi
0
[
1− cos(σ ln(λ cos2 θ + λ−1 sin2 θ))
]
dθ,
is monotonically increasing. We thus have
|〈φ1, Bφ2〉| ≥ Cfσ(1 + δ)
Note that this bound is uniform in a, justifying our earlier assumptions.
To summarize, we have shown that if ψ is not (1 + δ)-quasiconformal
then ‖Srel(s)‖
2 > Cσ−2fσ(1 + δ). It is easy to see that for small δ (with σ
fixed), fσ(1+δ) = Cσ
2δ2+O(δ3). This completes the proof of Theorem 4.1.

Proof of the Main Theorem. We have shown that ψ is a K(ǫ)-quasi-
conformal mapping defined on Ω(Γ1), whereK(ǫ) = 1+δ(ǫ). By assumption
ψ induces an isomorphism φ : Γ1 → Γ2. So by the Marden Isomorphism
Theorem (Theorem 2.1), we can extend ψ to a quasi-conformal homeomor-
phism of the closed ball H
3
that induces φ.
Recall that the limit set LΓ1 has measure zero [1], so we can assume
the Beltrami coefficient of the extended mapping to be zero on LΓ1 . Thus
the extension of ψ is a K(ǫ)-quasi-conformal deformation taking Γ1 to Γ2.

We can use the Main Theorem to make the following observation concern-
ing the Hausdorff dimension of the limit sets LΓ1 and LΓ2 . For a set E ⊂ Cˆ
let D(E) be the Hausdorff dimension of E. Work of Gehring-Va¨isa¨la¨ [9]
and Astala [4] demonstrates that for a set E ⊂ Cˆ, and a K-quasi-conformal
mapping f with E in its domain, then the set f(E) has Hausdorff dimension
bounded above and below by
2D(E)
2K + (K − 1)D(E)
≤ D(f(E)) ≤
2KD(E)
2 + (K − 1)D(E)
.
We recall that the quasi-conformal conjugacy ψ : Cˆ → Cˆ taking Γ1 to Γ2
has the property that LΓ2 = ψ(LΓ1). Thus we have the following corollary:
Corollary 4.3. Suppose Γ1 and Γ2 are convex co-compact groups satisfying
the conditions given in the Main Theorem. Then there exists a ν(ǫ) > 0 so
that
|D(LΓ1)−D(LΓ2)| < ν(ǫ),
where ν(ǫ)→ 0 as ǫ→ 0.
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Remarks:
1. It is natural to ask whether a small quasi-conformal deformation im-
plies that the relative scattering operator is small. In the discussion
below we assume familiarity with the definition of the Poincare´ series
of a Kleinian group Γ and with the exponent of convergence δ(Γ) of
this series; we refer the reader to [15] for discussion of these matters.
In [6], using entirely two-dimensional techniques, we have been able
to show:
Theorem: Fix s ∈ C : s = 1 + σi, σ 6= 0, and suppose that Γ1 is a
torsion-free non-elementary convex co-compact Kleinian group so that
δ(Γ1) < 1. Then for any ǫ > 0 and for all dilatations K sufficiently
close to 1, each K-quasi-conformal deformation of Γ1 has the property
that
||Srel(s)|| < ǫ,
where || · || is the operator norm on L(H−σ(Γ1),Hσ(Γ1)).
The condition δ(Γ1) < 1 is topologically restrictive: under the as-
sumptions given to Γ1 in the theorem above, results in [7] imply that
M(Γ1) is the interior of a solid handlebody. However, we believe that a
similar result can be shown for two convex co-compact groups Γi with
no assumptions on the exponents of convergence of the Poincare series.
This would involve a 3-dimensional approach using the asymptotic ge-
ometry of M(Γ) and the limiting properties of the integral kernel of
the resolvent of the Laplace operator on M(Γ) (see [16]).
2. Corollary 4.3 shows that for convex co-compact Kleinian groups the
size of the relative scattering operator contains information concerning
the distortion of the Hausdorff dimension of the limit sets. We are
thus motivated to ask: Can the Hausdorff dimension of the limit set
be recovered from scattering data?
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